In this paper, we study a nonlocal Robin boundary value problem for fractional Hahn integrodifference equation. Our problem contains three fractional Hahn difference operators and a fractional Hahn integral with different numbers of q, ω and order. The existence and uniqueness result is proved by using the Banach fixed point theorem. In addition, the existence of at least one solution is obtained by using Schauder's fixed point theorem.
The Hahn difference operator has been employed to construct families of orthogonal polynomials and investigate some approximation problems (see [14] [15] [16] and the references therein).
In 2009, Aldwoah [17, 18] defined the right inverse of D q,ω in terms of both the Jackson q-integral containing the right inverse of D q [19] and the Nörlund sum containing the right inverse of ω [19] .
In 2010, Malinowska and Torres [20, 21] introduced the Hahn quantum variational calculus. In 2013, Malinowska and Martins [22] studied the generalized transversality conditions for the Hahn quantum variational calculus. Later, Hamza and Ahmed [23, 24] studied the theory of linear Hahn difference equations, and investigated the existence and uniqueness results for the initial value problems for Hahn difference equations by using the method of successive approximations. Moreover, they proved Gronwall's and Bernoulli's inequalities with respect to the Hahn difference operator and established the mean value theorems for this calculus. In 2016, Hamza and Makharesh [25] investigated the Leibnitz's rule and Fubini's theorem associated with Hahn difference operator. In the same year, Sitthiwirattham [26] where 0 < q < 1, 0 < ω < T, ω 0 :=
are given functions, and for
In 2010, Čermák and Nechvátal [28] proposed the fractional (q, h)-difference operator and the fractional (q, h)-integral for q > 1. In 2011, Čermák et al. [29] studied discrete Mittag-Leffler functions in linear fractional difference equations for q > 1, and Rahmat [30, 31] studied the (q, h)-Laplace transform and some (q, h)-analogues of integral inequalities on discrete time scales for q > 1. In 2016, Du et al. [32] presented the monotonicity and convexity for nabla fractional (q, h)-difference for q > 0, q = 1. However, we realize that Hahn difference operator requires the condition 0 < q < 1. Therefore, to fill the gap, Brikshavana and Sitthiwirattham [33] have introduced the fractional Hahn difference operators for 0 < q < 1.
In 2017, Patanarapeelert and Sitthiwirattham [34] considered a Riemann-Liouville fractional Hahn difference boundary value problem for a fractional Hahn integrodifference equation of the form
and a fractional Hahn integral boundary value problem for a Caputo fractional Hahn difference equation of the form
where
Presently, Patanarapeelert et al. [35] studied the boundary value problem for fractional Hahn difference equation containing a sequential Caputo fractional Hahn integrodifference equation with nonlocal Dirichlet boundary conditions
In quantum calculus, there are apparently few research works related to boundary value problems of fractional Hahn difference equations (see [34, 35] 
given functionals, and γ r,φ u(t) is defined as (1.6).
In the next section, we briefly recall some definitions and lemmas used in this research work. In Sect. 3, we prove the existence and uniqueness of a solution to problem (1.7) by using the Banach fixed point theorem. In Sect. 4, we show the existence of at least one solution to problem (1.7) by using Schauder's fixed point theorem. Finally, an example is provided to illustrate our results in the last section.
Preliminaries
In this section, we present the notations, definitions, and lemmas used in the main results.
Let q ∈ (0, 1), ω > 0 and define
The q-analogue of the power function (a -b)
The q, ω-analogue of the power function (a -b)
More generally, if α ∈ R, we have
We also use the notation (0)
The q-gamma and q-beta functions are defined by
. Definition 2.1 For q ∈ (0, 1), ω > 0 and f defined on an interval I ⊆ R which contains
and
. Provided that f is differentiable at ω 0 , we call D q,ω f the q, ω-derivative of f , and say that f is q, ω-differentiable on I.
We observe that for each s ∈ [a, b] q,ω , the sequence {σ
is uniformly convergent to ω 0 .
In addition, we define the forward jump operator σ
Definition 2.2 Let I be any closed interval of R that contains a, b, and ω 0 . Letting f : I → R be a given function, we define q, ω-integral of f from a to b by 
Then F is continuous at ω 0 . Furthermore, D q,ω 0 F(x) exists for every x ∈ I and
Conversely, 
where N is the smallest integer that is greater than or equal to α.
Lemma 2.4 ([33])
Letting α > 0, q ∈ (0, 1), ω > 0, and f : I T q,ω → R, we get
Next, we give some auxiliary lemmas used for simplifying calculations.
Lemma 2.5 ([33])
Letting α, β > 0, p, q ∈ (0, 1), and ω > 0, we have
The following lemma deals with the linear variant of problem (1.7) and gives a representation of the solution.
Lemma 2.6 Let
has the unique solution 
3)
4)
and the constants A η , A T , B η , B T , and are defined by
5)
, (2.6)
(2.7)
Proof Taking fractional Hahn q, ω-integral of order α for (2.1), we obtain
Then we take fractional Hahn p, θ -difference of order β for (2.10) to get
Substituting t = η into (2.10) and (2.11) and employing the first condition of (2.1), we have
(2.12)
Taking t = T into (2.10) and (2.11) and employing the second condition of (2.1), we have
The constants C 1 and C 2 are revealed from solving the system of equations (2.12)-(2.13) as
Substituting the constants C 1 , C 2 into (2.10), we obtain (2.2).
On the other hand, it is easy to show that (2.2) is the solution of problem (2.1). By taking fractional Hahn q, ω-difference of order α for (2.2), we obtain (2.1). This completes the proof.
We next introduce Schauder's fixed point theorem used to prove the existence of a solution of problem (1.7).
Lemma 2.7 ([36] Arzelá-Ascoli theorem) A set of functions in C[a, b] with the sup norm is relatively compact if and only if it is uniformly bounded and equicontinuous on [a, b].

Lemma 2.8 ([36]) If a set is closed and relatively compact, then it is compact.
Lemma 2.9 ([37] Schauder's fixed point theorem) Let (D, d) be a complete metric space, U be a closed convex subset of D, and T : D → D be the map such that the set Tu : u ∈ U is relatively compact in D. Then the operator T has at least one fixed point u
* ∈ U: Tu * = u * .
Existence and uniqueness result
In this section, we consider the existence and uniqueness result for problem (1.7). Let C = C(I T q,ω , R) be a Banach space of all function u with the norm defined by
where the functionals *
and the constants A η , A T , B η , B T , are defined by (2.5)-(2.9), respectively. We find that problem (1.7) has a solution if and only if the operator F has a fixed point. 
Theorem 3.1 Assume that F
Then problem (1.7) has a unique solution in I T q,ω .
Proof To show that F is a contraction, we denote that
for each t ∈ I T q,ω and u, v ∈ C. We find that *
Next, we have
We take fractional Hahn m, χ -difference of order γ for (3.1) to obtain
Using the same argument as above, we have
(3.8) and (3.10) imply that
By (H 3 ) we can conclude that F is a contraction. Therefore, by using the Banach fixed point theorem, F has a fixed point which is a unique solution of problem (1.7) on I T q,ω .
Existence of at least one solution
In this section, we present the existence of a solution to (1.7) by using Schauder's fixed point theorem. Proof We divide the proof into three steps as follows.
Step I. Verify that F maps bounded sets into bounded sets in B R = {u ∈ C : u C ≤ R}.
Denote that
For each t ∈ I T q,ω and u ∈ B R , we obtain * 4 3 , β = 3 4 , γ = 1 2 , ν = 2 5 ,q = 1 2 , p = 1 4 , r = 1 8 , m = 1 2 , ω = 2 3 , θ = 1, φ = 7 6 , χ = 2 3 , ω 0 = ω 1-q = 4 3 , T = 10, η = 10( Hence, by Theorem 3.1, problem (5.1) has a unique solution.
